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If the flow, Ft, is smooth and continuous we can define the infinitesimal
generator G : ΨðMÞ ! ΨðMÞ of Kt as

Gψ :¼ lim
t!0þ

Ktψ � ψ

t
¼ lim

t!0þ

ψ � Ft � ψ

t
¼ _ψ ; ð4Þ

and Kt ¼ expðGtÞ. The generator G gives rise to a continuous-time linear
dynamical system in observable coordinates

_ψ ¼ Gψ : ð5Þ

When applying the chain rule to _ψ we also get that

_ψðxÞ ¼ ∂xψðxÞ _x ¼ ∂xψðxÞfðxÞ: ð6Þ

An observable ϕ is an eigenfunction to the generator G if, for a corre-
sponding eigenvalue μ 2 C,

_ϕðxÞ ¼ GϕðxÞ ¼ μϕðxÞ: ð7Þ

This also implies that ϕ is an eigenfunction for Kt with the eigenvalues
λt ¼ expðμtÞ. Eigenfunctions can also form a basis for observables with
spectral decomposition.

ψðxÞ ¼
X1
j¼1

ϕjðxÞvj ; ð8Þ

where vj is the j-thKoopmanmode andψ is a vector of observables.With the
spectral decomposition (Eq. (8)), we can represent theflowof observables as

ψðxðtkÞÞ ¼ Ktk
P1
j¼1

ϕjðx0Þvj

¼ P1
j¼1

λtk
j ϕjðx0Þvj :

ð9Þ

which is known as Koopman Mode Decomposition54. Koopman Mode
Decomposition highlights the benefits of the operator-theoretic perspective
of dynamical systems, showing that a system’s behavior is completely
characterized by the interplay of λj, ϕj, and vj.

Some dynamics, such as chaotic or mixing systems, have a continuous
spectrum and thus Kt may not have nontrivial eigenvalues and
eigenvectors52. In this case, we instead consider the spectrum as

σðKtÞ ¼ f z 2 C : ðKt � zIÞ�1
is unbounded g: ð10Þ

The spectrum σðKtÞ includes all eigenvalues of Kt , but may also contain
points that are not eigenvalues. Moreover, if Kt is normal (KK� ¼ I), then
for every spectral point λt

σ 2 σðKtÞ and ϵ > 0 there exists an observable

k ðKt � λt
σ IÞϕϵ k ≤ ϵ: ð11Þ

These observables are called ϵ - pseudoeigenfunctions and satisfy

k Ktϕϵ � λt
σϕϵ k¼ OðtϵÞ; 8t: ð12Þ

These pseudoeigenfunctions describe persistent behavior and coherent
structures within the system without proper diagonalization, as in the
Koopman Mode Decomposition (Eq. (9)).

Lastly, the eigenfunctions of a dynamical system can be used to con-
struct Lyapunov functions for stability analysis. A Lyapunov function
VðxÞ 2 R satisfies V(x) ≥ 0 and _VðxÞ ≤ 0 for all x 2 M. Then, the mag-
nitude of eigenfunctions ∣ϕ∣ with ReðμÞ < 0 satisfies these conditions

(Eq. (7)). Moreover, any sub-level set

Q ¼ x j VðxÞ ≤ c
� � ð13Þ

with c≥0 is forward invariant and the zero-level set is globally asymptotically
stable11,53.

Loss function
Instead of considering the observables ψ as simple functions of the state, we
input a small trajectory or set of delayed states. Time-delayed inputs have
been widely used in a Koopman-informed models across various contexts
and have proven to be a rich set of observables28,37,55–57. To illustrate this, we
consider a vector of time-delayed states Xj starting at time tj:

Xj ¼ xðtjÞT ; xðtj � τ0ÞT ; . . . ; xðtj � τdÞT
h iT

; ð14Þ

where τi are delays and i ∈ (0, 1,…, d).We use the encoder ψ : Rðdþ2Þn !
Rm to transform the states into their latent representation in Rm, and
ψ�1 : Rm ! Rn to transform them back into state space, but only for the
leading time tj. In otherwords, the estimated or reconstructed state vector is
given by bxj ¼ ψ�1ðψðXjÞÞ. This reconstruction requirement gives us the
first term of the loss function:

Lx0
¼ 1

n
bx0 � x0
�� ��2

2 ¼ 1
n

ψ�1ðψðX0ÞÞ � x0
�� ��2

2 : ð15Þ

In addition to reconstructing the leading input, the autoencoder and
the latent space need to meet several more requirements informed by
Koopman Operator Theory. First, by applying the chain rule to the obser-
vables (Eq. (6)), we derive the second term in the loss function:

L
ψ
� ¼ 1

m
GψðX0Þ � ∂XψðX0Þ _X0

�� ��2
2

: ð16Þ

Next, to ensure good predictions with the linear model in latent space, we
include the following term in the loss function:

Lψt
¼ 1

mT

PT
j¼1γ

j�1 bψðXjÞ � ψðXjÞ
��� ���2

2

¼ 1
mT

PT
j¼1γ

j�1 eGðtj�t0ÞψðX0Þ � ψðXjÞ
��� ���2

2
:

ð17Þ

Here, the matrix exponential is the analytical solution to the linear
dynamics, integrating initial conditions from time t0 to tj. The sum in the
latent space prediction loss accounts for future predictions over a time
horizonT (Eq. (17)). It is worth noting that computing the prediction loss is
computationally inexpensive. In practice, we can forma stack of time-scaled
matrix exponentials (i.e., eGðtj�t0Þ) and multiply them by a batch of latent
vectorsψ(X0) to predict a batch of future latent embeddings. Thismethod is
far more efficient than performing multi-step predictions for nonlinear
systems due to its use of recurrence relationships.

In theory, if the terms presented so far are sufficiently minimized
(Eq. (15)–(17)), future predictions in state space should alsoperformwell. In
fact, without the time-delay, these terms form the loss function for Physics
Informed Koopman Networks (PIKNs) (Eq. (15)–(17))33. However, not
explicitly enforcing prediction quality in state space can result in a shrinking
latent space during optimization, where the prediction loss (Eq. (17)) could
be minimized by allowing the encoder to output zero for every input. To
avoid such shortcuts, we introduced an additional term that directly
quantifies the quality of predictions in state space:

Lxt
¼ 1

nT

XT

j¼1

γj�1 bxj � xj

��� ���2
2

¼ 1
nT

XT

j¼1

γj�1 ψ�1ðeGðtj�t0ÞψðX0ÞÞ � xj

��� ���2
2
: ð18Þ
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We replaced the 2-norm in the state space prediction loss with the
Mahalanobis distance with diagonal covariance for the Hodgkin-Huxley
dataset to account for the scaling of the states. Lastly, we directly penalized
the spectrum of G to encourage the learning of stable or neutrally stable
dynamics with the following term:

Lμ ¼
Xm

j¼0

maxð0;ReðμjÞÞ : ð19Þ

The total loss is then given by:

L ¼ Lx0
þ α1L _ψ þ α2Lψt

þ α3Lxt
þ α4Lμ : ð20Þ

To assess the impact of the additional loss terms (Eqs. (18), (19)) on the
performance of the learnedmodel and compare our approach to PIKNs, we
conducted ablation experiments using simulated data from the magnetic
mass-spring-damper system. We selected this system because of its
demonstration of nonlinear behavior and global stability, implying that
the learned eigenvalues should be negative. In these experiments, we
assessed several metrics, including latent space prediction error, state space
prediction error, reconstruction error, chain rule loss error, and the number
and magnitude of positive eigenvalues (Fig. S4e–j).

In the first trials, we examined PIKNs, which struggled with predicting
future states, assessing stability, and maintaining a stable latent space. In
subsequent trials, we augmented the PIKNmodel with time-delayed inputs,
which marginally improved both stability and state space prediction cap-
abilities. We then introduced the state space prediction loss term alongside
the time-lagged inputs, which significantly enhanced the accuracy of state
space predictions by an order of magnitude compared to the original PIKN
models. However, despite these improvements, the models still failed to
accurately estimate stability, with a median of one positive eigenvalue per
model. Ultimately, the introduction of the eigenvalue penalty (Eq. (19))
resulted in the best performance.

Time-delay selection
Using time-delayed data to analyze or model a dynamical systems is an
established approach. In fact, Taken’s theorem, first published in 1981,
demonstrated that attractors canbe reconstructed from time-delayedpartial
state measurements58. Since, numerous methods have been proposed for
modelling and forecasting dynamics from time-delayed measurements
including local polynomial methods49, time-delayed or Hankel
DMD37,56,57,59,60, and deep learning-based models28,55,61.

Regardless of themethodused, the length of time-delay is an important
hyperparameter that significantly impacts model performance (Fig. S4a, b).
Information theory has been suggested in previous work as a useful tool for
selecting the length of time-delay47–50. However, much of this research is
focused on attractor reconstruction as opposed to Koopman-informed
modelling. Furthermore, few studies, if any, have explored the relationship
between model performance and information-theoretic metrics. In this
section, we examine the relationship betweenmutual information (MI) and
future state prediction error. From this relationship,wepropose a principled
approach to selecting a lower bound on the length of time-delay for latent
linear models.

TheMI in bits between two discrete random variablesA and B is given
by:

IðA; BÞ ¼
X
a2A

X
b2B

PðA;BÞða; bÞ log2
PðA;BÞða; bÞ
PAðaÞPBðbÞ

� �
ð21Þ

where P(A, B) is the joint probability mass function, and PA, PB are the
marginal probabilitymass functions forA andB, respectively. In the context
of collected trajectories fromadynamical system,we aim to calculate theMI
between every, or many, combinations of states and their time-delayed
counterparts. For example, theMIbetweena set of states at an arbitrary time

xa(tj) and another state at a previous instant xb(tj − τd) is expressed as:

IðxaðtÞ; xbðt � τdÞÞ ¼
X

tj

PðxaðtjÞ; xbðtj � τdÞÞ log2
PðxaðtjÞ; xbðtj � τdÞÞ

PðxaðtjÞÞPðxbðtj � τdÞÞ

 !
:

ð22Þ

Naturally, if a = b, this measures the mutual information between a state at
an arbitrary instant and a previous instant.

We calculated themutual information for a single pendulum(Fig. S4c).
The plot shows the mutual information vs. time delay (t − τd) for each
combination of the states θ, and _θ.We observe a nearly periodic pattern in I
as a function of the delay.Moreover, themutual information between states
and themselves is out of phase with mutual information between θ and _θ.
Similarly, we calculated the mutual information between each combination
of states in a double pendulum (Fig. S4d). Due to the chaotic dynamics, the
mutual information did not exhibit a periodic pattern as a function of time
delay, nor did the decrease in information occur monotonically. Interest-
ingly, we observed an increase in mutual information between the angular
positions and their velocities at approximately a half-second delay.

Whenwe consider the prediction error as a function of delay alongside
the time-delayed mutual information, we observe that predictions reach a
point of diminishing returns when plotted against t − τd. In the case of the
single pendulum, this point coincides with one full-period in the mutual
information signal, suggesting that for periodic systems, one full period of
information should be included in the model. We also observed a rela-
tionship between the mutual information in the double pendulum and the
predictive ability of the trained models. The prediction error appeared to
plateau once each of the mutual information curves reached a local mini-
mum. For instance, while the blue and grey mutual information curves
reached a local minima at approximately t − τd = 0.6s, the yellow and olive
curves did not reach aminima until t − τd= 1.25s, which coincidedwith the
point of diminishing returns (Fig. S4d).

With these results inmind,we canuse themutual informationbetween
the states in a system to approximate the model’s predictive capability as a
function of time delay. This provides us with an estimate for the lower
bound of the time delay, and this process is significantly faster than per-
forming hyperparameter search or running controlled experiments.

Annealing strategy for the loss function and discount factor
Minimizing the total loss (Eq. (20)) presents several challenges. First, the loss
landscape for a function with this many terms is likely filled with local
extrema, making global optimization difficult. Second, the outcome of the
optimization heavily depends on the values of the weights of each loss term,
α, and the discount factor γ. Many researchers address a weighted multi-
parametric loss function with random search or hand-tuning. While this
type of brute force search can still yield an adequate model, it does not
improve training stability or model generalization and is often computa-
tionally expensive.

The practice of annealing, which entails systematically adjusting the
hyperparameters during training, is widely recognized for improving
training stability and enhancing model generalization. This technique is
most frequently applied to the learning rate. For instance, Smith et.al.
proposed oscillating learning rates in a periodic or quasi-periodic pattern to
balance exploration and exploitation during training62,63. Recent work on
variational autoencoders (VAEs) has shown that cyclically annealing the
coefficients in the loss function can improve learning by mitigating van-
ishing of the Kullback-Liebler divergence64.

In accordancewithFu et.al., we set theα coefficients in the loss function
(Eq. (20)) with the following schedule:

αi ¼ gðkÞ; k ≤ R

1; k >R

�
with k ¼ modði�1;Tc=MÞ

Tc=M ; ð23Þ
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where αi represents the hyperparameter value at the ith training iteration64.
We define integersM as the number of cycles and Tc as the total number of
training iterations. TheparameterR ∈ [0, 1] indicates the proportionof each
cycle during which α remains at its maximum value of 1, and g is a function
that increases monotonically from 0 to 1. For simplicity, we consider linear
or sigmoid functions for g. Importantly, training invariably concludeswithα
set to 1.

In this study, we categorize the annealing process into two types: when
M = 1, we refer to it as monotonic or standard annealing, and when M > 1,
we call it cyclical annealing. The schedule parameters M and R can vary
across different coefficients in the loss function. Notably, we do not apply
annealing to the reconstruction loss, as we regard reconstruction as fun-
damental to the model’s effectiveness throughout training. Inadequate
reconstruction quality would adversely impact the model’s capability to
make accurate future predictions in state space. To ensure accurate recon-
struction, we warm-start or pre-train each network on the reconstruction
loss alone. Examples of both cyclical and standard annealing schedules,
using linear and sigmoid functions, demonstrate how they vary over the
course of training iterations (Fig. S4).

In addition to the α parameters in the loss function, the discount
factor and prediction horizon have a disproportionate impact onmodel
training and generalization performance. Many learning methods opt
to optimize for single or few time-step predictions. This approach can
be effective if the loss is sufficiently small, as the simple objective has a
regularization effect. However, inmany cases, thesemodels are prone to
underfitting, as we will show. On the other hand, optimizing for mul-
tiple time-step predictions comes with it’s own challenges, such as
overfitting and exploding gradients. To address these issues, we use
discount factor annealing as a method to balance time-horizon trade-
offs and improve model performance.

While annealing the different terms in the loss function can be viewed
as altering the importance of each term throughout training, discount factor
annealing effectively changes the prediction horizon. Gradually increasing
the discount factor over time acts as a formof temporal curriculum learning.
In other words, the model must first learn to make short-term predictions
before progressing to longer-term predictions.

To further motivate the need for discount factor annealing, we
examined themodel predictions for apendulum, asdepicted in (Fig. S4o–q).
This figure contrasts three models that differ solely in their prediction
horizonor discount factor. First, we compared the predicted and actual time
series when using a model with a relatively short prediction horizon, where
each prediction step is weighted equally with γ = 1 (Fig. S4o). We observed
that the predictions remain accurate up to, and slightly beyond, the training
horizon, after which they deteriorate.

A straightforward strategy to improve the model’s predictive accuracy
might be to extend the prediction horizon. While extending the horizon
does improve the model’s predictive performance within the training hor-
izon, its ability to generalize beyond this point is limited and nonphysical
(Fig. S43p). Thus, training with longer prediction horizons may lead to
overfitting. Finally, after implementing a cyclical annealing schedule for γ,
we observe that themodel is able to generalize well past the training horizon
(Fig. S4q). These results also illustrate the importance of using a longer
validation horizon than the training horizon duringmodel selection. Even if
amodel performs well overmany time-steps, it may still fail to generalize to
extended horizons.

A high-level overview of the loss curves when employing linear
monotonic annealing for the loss coefficients α, and linear cyclical
annealing for the discount factor provides insight into the training
dynamics (Fig. S4e-l). These loss curves highlight the challenges asso-
ciated with annealing the discount factor while training with extended
prediction horizons. Notably, we observed a significant uptick in the loss
metrics at the 5000th iteration (Fig. S4i-l). This increase in the loss aligns
with the discount factor elevating to a value of 1, suggesting a correlation
between the rate of change of the discount factor and a temporary
regression of the model performance.

Whenwe examined the relationship between the discount factor γ and
its application over various future time steps γT, we uncovered distinct
behaviors depending on the chosen annealing function (Fig. S4m-p). A
linear annealing function showed a pronounced escalation in the value of γT

as T increases, particularly noticeable at extended horizons. This change
becomes starkly apparent even at relatively short horizons, such as T = 25,
where theweighting applied to those predictions essentially becomes binary
(Fig. S4n). This phenomenon is attributed to the fact that, under a linear
framework, the effective horizon remains small until γ approaches 1, which
is a consequence of the exponential decay inherent in the geometric series
used for discounting. So, the impact of the annealing function on the
effective prediction horizon and the overall training dynamics should not be
underestimated.

To resolve the abrupt change in weighting at long prediction horizons
observedwith linear annealing, we adopted a sigmoid function for themain
trials in this study. Using a sigmoid function ensured a more gradual
adjustment in the weights assigned to time steps farther into the future
compared to linear annealing (Fig. S4p). By incrementing the discount
factor according to a sigmoid curve, we extended the effective prediction
horizon in a more gradual and controlled manner, mitigating the binary
weighting effect observed with linear annealing.

Lastly, we performed experiments to evaluate the efficacy of different
annealing strategies. We compared monotonic and cyclical sigmoid
annealing strategies against a baseline method that employed simple ran-
dom search to determine the coefficients of the loss function and the dis-
count factor. For each strategy-monotonic, cyclical, and baseline-we set the
training and testing horizons to T = 400 and T = 600, respectively. In the
baseline approach, we sampled the discount factor from a uniform dis-
tribution with a range of 0.9 to 1.0, allowing for variations in the effective
prediction horizon. As previously noted, we fixed the coefficient for
reconstruction loss at 1, whereas we uniformly sampled the coefficients αi

from a range of 0.01 to 1.0. The detailed hyperparameter settings for the
annealing experiments are documented in Tables S4 and S5.

We observed significant enhancements in model performance with
both cyclical and monotonic annealing when compared to the baseline
method, particularly in forecasting accuracy (Fig. S4k-n). Moreover, we
observed nearly two orders ofmagnitude improvement in both latent-space
and state-space prediction error, with minimal to no compromise on Lx0
and L _ψ . We note a slight edge in performance for monotonic over cyclical.
For this reason, we choose to employ monotonic for the models trained in
thiswork. For especially long traininghorizons,we increase the time step for
predictions to achieve extended forecasts without destabilizing training
from a large T.

Data collection and model training
We generated the simulated datasets in Python using the SciPy library and
4th order Runge-Kutta numerical integration. The number of trajectories
we collected for each dataset, along with the trajectory length, size of the
time-step, etc., is given in Tables S1–S5. We sampled initial conditions for
the dissipative systems from a beta distribution to prevent bias in the
datasets towards low-energy trajectories. The dataset for the magnetic-
mass-spring-damper was balanced to contain an equal number of trajec-
tories in each attractor.We trained the neural networks using Pytorch65 and
Lightning66. We used the AdamWoptimizer and OneCycleLR for all of the
models and performed a hyperparameter search with Optuna63,67,68. The
various training and computational hardware details we used for each
experiment are given inTables S1–S4.Weused a combinationof theMoteus
r4.11 controller and theMoteusmj5208 brushlessmotor as a servomotor to
collect data for the experimental pendulum setups. We modeled the
simulated systems according to the equations provided in the Supplemen-
tary Information.

Data availability
All of the experimental data are available on Github: https://github.com/
generalroboticslab/AutomatedGlobalAnalysis.
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Code availability
The code for this project are available on Github: https://github.com/
generalroboticslab/AutomatedGlobalAnalysis.
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